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Ordinal regression

I Multiclass classification over an ordered label set, e.g., {bad, okay, good, excellent}.
I Typically, we incur different costs for different misclassifications (e.g., incorrectly

predicting “bad” for “excellent” is more critical than incorrectly predicting “good”
for “excellent”).

I Algorithms take order information into account; one common approach are thresh-
old models, consisting of a real-valued scoring function and thresholds that bin
the score into classes.

Formal setup: k classes ' {1, . . . , k} =: [k], cost matrix C ∈ Rk×k≥0 , data-
points (x, y) are drawn i.i.d. from a distribution P on X × [k]

Goal: learn predictor f : X → [k] with small expected cost E(x,y)∼P Cy,f (x)

Mean absolute error (MAE): expected cost for Ci,j = |i− j|

Pairwise fairness notions

I Order of labels carries fairness implications (e.g., misclassifying all “okay” job
applicants from majority group as “good” and all “okay” job applicants from
minority group as “bad” would be highly unfair).

We initiate the study of fairness for ordinal regression.

We now assume that datapoints come with a protected attribute a ∈ A (e.g., gender)
and adapt two fairness notions from literature on fair ranking (e.g., Beutel et al. 2019):

Pairwise demographic parity (DP): f satisfies pairwise DP if for all ã, â ∈ A

P[f (x1) > f (x2)|a1 = ã, a2 = â] = P[f (x1) < f (x2)|a1 = ã, a2 = â],

where the probability is over (x1, y1, a1) and (x2, y2, a2) being independent samples
from P and potentially the randomness of the predictor f .

Pairwise equal opportunity (EO): f satisfies pairwise EO if for all ã, â ∈ A

P[f (x1) > f (x2)|a1 = ã, a2 = â, y1 > y2] = P[f (x1) < f (x2)|a1 = ã, a2 = â, y1 < y2].

I Pairwise DP and pairwise EO can be interpreted as pairwise analogues of standard
DP (requiring P[f (x) = 1|a = ã] = P[f (x) = 1|a = â]) and standard EO
(requiring P[f (x) = 1|a = ã, y = 1] = P[f (x) = 1|a = â, y = 1]), respectively.

I Any constant predictor f (x) = i satisfies both pairwise DP and pairwise EO;
perfect predictor f (x) = y satisfies pairwise EO.

We measure violation of pairwise DP / EO by DP-viol / EO-viol:

DP-viol = DP-viol(f ; P) = max
ã,â∈A

|P[f (x1) > f (x2)|a1 = ã, a2 = â]−
P[f (x1) < f (x2)|a1 = ã, a2 = â]|

and EO-viol is defined analogously; on dataset D, we can evaluate DP-viol(f ;D) in
time O(|D| + k|A|2) and EO-viol(f ;D) in time O(|D| + k2|A|2).

Our approach to learning a fair predictor

We propose a two-step approach to learn a fair threshold model:

1) We learn a fair scoring via a reduction to fair binary classification.

2) We choose fair thresholds via local search.

1) Learning the scoring function:

We learn a fair linear scoring function by adapting the classical approach of Herbrich
et al. (2000):

• scoring function s should satisfy s(x1) < s(x2) ⇔ y1 < y2; if s(x) = w · x, then
s(x1) < s(x2)⇔ sgn(w · (x1 − x2)) = −1

• given training dataD = ((xi, yi))
n
i=1, Herbrich et al. learn w by solving binary clas-

sification problem on D′ = {(x′, y′) = (xi − xj, sgn(yi − yj)) : i, j ∈ [n], yi 6= yj}
• we adapt their approach by learning a linear classifier on D′ that (approximately)

satisfies a fairness constraint closely related to standard DP or EO

Proposition 1 (Reduction to fair binary classification—informal). Let D =
((xi, yi, ai))

n
i=1 ⊆ Rd× [k]×A and D′ = {(x′, y′, a′) = (xi−xj, sgn(yi−yj), (ai, aj)) :

i, j ∈ [n], yi 6= yj} ⊆ Rd×{−1, 1}×A2. For w ∈ Rd, let cw be the binary classifier
cw(x) = sgn(w · x) and sw be the scoring function sw(x) = w · x. We have

cw satisfies variant of standard DP (EO) on D′ ⇔
sw satisfies pairwise DP (EO) on D.

2) Learning the thresholds:

Let f (· ; s,θ) denote the threshold model-predictor with scoring function s and
thresholds θ = (θ1, . . . , θk−1); on training data D = ((xi, yi, ai))

n
i=1, we aim to solve

min
θ

1

n

n∑
i=1

Cyi,f (xi;s,θ) + λ · Fair-viol(f (· ; s,θ);D). (1)

Problem (1) can be solved in polynomial time using dynamic programming, but
running time is prohibitively high in practice ⇒ we perform a local search, moving
one threshold θi at a time, to find a local minimum of (1); can be implemented with
running time O(n|A|2) (pairwise DP) or O(nk|A|2) (pairwise EO) per iteration.

Do we need to be fair in both steps?

Yes! Intuitively: scoring function more fair ⇒ easier to choose fair thresholds

Lemma 1 (Enforcing fairness in both steps can be necessary—informal).

1. Choosing most accurate scoring function (not necessarily fair) and subse-
quently fair thresholds (as accurate as possible) can result in predictor with
arbitrary higher cost compared to enforcing fairness in both steps.

2. Choosing fair scoring function (as accurate as possible) and subsequently most
accurate thresholds (not necessarily fair) can result in most unfair predictor.

Proof of the lemma uses worst-case examples, but we also observe the phenomenon
in our experiments.

Generalization guarantees

Theorem 1 (Generalization bounds—informal). Assume the data comes from a
distribution P on {x ∈ Rd : ‖x‖2 ≤ R} × [k] × A with P[a = ã] ≥ β > 0 for
all ã ∈ A. Assume we learn s(x) = w · x with ‖w‖2

2 ≤ ν. There exists M > 0
such that for any γ > 0 and 0 < δ < 1, our learned predictor f satisfies with
probability 1− δ over the training sample of size n,

MAE(f ; P) ≤ L̂γD(s,θ) + Mk

√
1

n

(
R2ν

γ2
ln(n) + ln

(
2
(k − 1)R

√
ν

γδ

))

and DP-viol(f ; P) ≤ DP-viol(f ;D) + Mk2

√(
d + log 4|A|

δ

)
/(nβ).

L̂γD(s,θ) . . . empirical γ-margin loss; a similar statement holds for pairwise EO.

Experiments

°150 °125 °100 °75 °50 °25 0 25 50

°40

°20

0

20

40

ours with µ = ∏0 =0.0

ours with µ = ∏0 =0.1

ours with µ = ∏0 =0.2

ours with µ = ∏0 =0.3

ours with µ = ∏0 =0.33

ours with µ = ∏0 =0.36

ours with µ = ∏0 =0.4

ours with µ = ∏0 =0.5

ours with µ = ∏0 =0.6

ours with µ = ∏0 =0.7

ours with µ = ∏0 =0.8

ours with µ = ∏0 =0.9

POM

POM fair thresh

best constant

randomized

0.00 0.05 0.10 0.15 0.20 0.25 0.30
DP-viol

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

M
A

E

Drug Consumption, 5 classes

0.00 0.05 0.10 0.15 0.20
EO-viol

0.8

0.9

1.0

1.1

1.2

1.3

1.4

1.5

M
A

E

Drug Consumption, 5 classes

MAE vs DP-viol (left) / EO-viol (right) for various predictors — stars:
our approach; brown diamond: best constant predictor; green filled circle:
POM algorithm (McCullagh, 1980); green circles: second step of our ap-
proach applied to POM scoring function (supports Lemma 1, Claim 1); grey
crosses: randomly mixing the POM predictor with the best constant one.
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MAE vs EO-viol for our approach and various state-of-the-art methods.
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